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Abstract. In this paper we study a Dirichlet problem for an elliptic equation 
with degenerate coercivity and a singular lower order term with natural growth 
with respect to the gradient. The model problem is 

/ Vu \ IVd 2 



(l + \u\)Pj \u\° 

u = on 9f2, 

where SI is an open bounded set of R , N > 3 and p, 9 > 0. The source / 
is a positive function belonging to some Lebesgue space. We will show that, 
even if the lower order term is singular, it has some regularizing effects on the 
solutions, when p > 9 — 1 and 9 < 2. 



1. Introduction 
In this paper we study the following problem: 



(i) < V(i + M) 



«M inn, 



V 



o on on, 



where f2 is an open bounded set of R N , N > 3, B,p > and 9 > 0. We assume 
that b : fi — > R is a measurable function such that for some positive constants a 
and j3 

(2) a < b{x) < ft for a.e. ie!!. 

Moreover / is a positive function belonging to some Lebesgue space L m (il), with 
m > 1. We point out three characteristics of this problem: the operator = 
b(x) 



-Vu I is defined on i/n(J7) but is not coercive on this space when 
XI + \v\)p J _ 

v is large, as proved in 20 . The lower order term has a quadratic growth with 
respect to the gradient and is singular in the variable u. As we will see, existence 
and summability of solutions to problem ([T]) depend on these features. 
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It is known that the degenerate coercivity has in some sense a bad effect on the 
summability of the solutions to problem 



(3) 



-div (a(x, u) Vit) = / in Q, 
u = on dfl, 



as proved in [5]. There / G L m (VL) was not assumed to be positive, a : £1 x 

Oi 

R — > R was a Caratheodory function such that -. :— p— < a(x, s) < 8, for p G 

(1 + \s\)p ~ v ' ~ r ' 

N 

(0, 1) and a,B > 0. Apart from the case where m > — , the summability of the 

solutions is lower than the summability of the solutions to elliptic coercive problems. 

2N N 

Indeed, in ffl it is shown that if 7— r < m < — there exists a 

U! N + 2-p(N-2) 2 

Nm(l — p) N 

Hq (Q)nL r (Q) distributional solution, with r = -: if ; < 

N~2m N + 1 — p(N — 1) 

2N 

m < 7-- r, there exists a Wr,' s (fl) distributional solution, with s = 

N + 2-p(N -2)' y ' 

Nin(\ — p\ 

For p > 1 the authors prove a non-existence result for constant 



N - m(l+p) ' 

sources /. Note that a bad effect on the regularity of the solutions appears even 
when the right hand side of ((3]) is an element of i? _1 (f2), such as — div(F), with 
F G L 2 (il). As a matter of fact, in this case the solutions are in general not in 
H£(CL) (see [16]). 

The presence of lower order terms can have a regularizing effect on the solutions. 
In [7] and [T3] three kinds of lower order terms are considered for elliptic problems 
with degenerate coercivity, with no restriction on p. In the first paper the author 
analyses a lower order term defined by a Caratheodory function g : x R x VL N — >• 
R N with the following properties. There exists d £ L 1 ^), two positive constants 
/ii,/U2 > and a continuous increasing real function h such that g(x,s,£)s > 0, 
A^ilCI 2 < \9{ x > s >0\ when \s\ > (J.2 and \g(x,s,^)\ < d(x)h(\s\)\t;\ 2 . It is proved that 
for a source there exists a Hq(Q) distributional solution to 

{—div (a(x, u)Wu) + g(x, u, Vu) = / in O, 
u = on dQ . 

This proves that the summability of the gradient of the solutions is much larger 
than that one of the solutions of problem @ . It is even larger than the summability 
of the gradient of the solutions to elliptic coercive problems with sources, 
which is L s (il) for every s < jtzt ( see 02] f° r example). We remark moreover that 
the lower order term gives the existence of a solution for p > 1; for these values of 
p, (j3]) has no solution. 

In a previous article |14) we consider two kinds of lower order terms h(u). For 
h(u) = \u\ q ^ 1 u, with q > p+ 1, we stablish the existence of a distributional solution 

u e VK M (ft)nL 9 (f7) , t < + 2 ] g + , for any L x (f2) source /. If / E L m (n), m > 1 

p + 1 

and q > then there exists a distributional solution u in Hifft) n L 9 " l (il) . 

m — 1 

p + 1 p + 1 1, 2g '" 

If < <Z < j there exists a distributional solution u in W n ' p+1+<1 (ft) 

2m — 1 m — 1 

such that ImI 9 ™ G L 1 (f2). These results show that if q is sufficiently large, there 
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exists a distributional solution for any source; this is not the case for problem (|3|). 
The second lower order term analysed in [14] is h(u), where h : [0,so) — > ffi is a 
continuous, increasing function such that h(0) = and lim h(s) = +oo for some 

so > 0. The regularizing effects of this lower order term are even better than the 
previous one. Indeed for a positive L 1 (fi) source, there exists a bounded -ffo(Sl) 
solution. 

In the literature we find several papers about elliptic coercive problems with 
lower order terms having a quadratic growth with respect to the gradient (see 
[5J [TU1 US HH H] for example and the references therein), that is, for problem 

f-div(M(x)Vu) + g(u)\Vu\ 2 = f in ft, 
I u = on <9S1. 

In these works it is assumed that M : SI — > R N is a bounded elliptic Caratheodory 
map, so that there exists a > such that a|£| 2 < M(x)£ ■ £ for every £ G M. N . 
Various assumptions are made on g. With no attempt of being exhaustive, we 
will describe some recent results where a singular g has been considered, namely 

9( u ) = T~ia- The case where < 6 < 1, introduced in J2[ [3l [4], has been studied 

m 

in [5J [3J 31 [HI H31 US]- From this body of literature one can deduce that for a 

2N N 

positive source f G L m (il), if ; < m < — there exists a strictly 

J y ' 2N-0(N-2) 2 J 

positive solution u € H^tt) n L 1 - 2 ^" 1 (fl); if 1 < m < — — ^— — then the 

solution u belongs to Wr.' q (fl), with o = — — — . The authors of consider 

. N -m6 _ _ _ 

the general case < 2, assuming that / is a strictly positive function on every 

compactly contained subset of il. They prove that if / € L N + 2 (fi) there exists 

a positive -ffo(il) solution. Finally, in [15] the lower order term is taken to be 

\Vu\ 2 r 
\u + fi—. — p— X{u>o}: where X{u>o} denotes the characteristic function of the set 

{u > 0}, A > and (i6i. 

In this paper we consider the same lower order term as above in an elliptic 
problem defined by an operator with degenerate coercivity. We will see that if 
IVwl 2 

< 9 < 2, then — — has a regularizing effect, even if it is singular in u. We are 

M 

going to state our results. We will distinguish the cases < 9 < 1 and 1 < 9 < 2. 

Theorem 1.1. Let < 9 < 1. Assume that f is a positive function belonging to 
2N 

L m (fl), with to > — 0(N — 2) ' ^ lerl ^ ere ex ^ s a function u G Hq(S7), strictly 

|Vd 2 

positive on SI, suc/i £/ia£ — g — G L 1 (S1) anrf 

(4) /_ffi_v„.V, + B/^./ M 

n n n 

/or eTjery 93 G n L°°(fi). 
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2N /2*Y 
In the case where m < — — — — — — — ■ = — , we are able to prove the 

2iV — 9(J\ — 2) y 9 J 

existence of an infinite energy solution, belonging to W ' a (O), with a = 

N — 9m 

(smaller than 2). 

Theorem 1.2. Let < 9 < 1. Assume that f is a positive function belonging to 

N 2N 

L m (Q), with ; < m < ; -. Then there exists a function 

K '' 2N-0(N-1) 2N-9(N-2) 1 

l |Vn| 2 
u G W n ' a (fl), strictly positive on Q, such that — 5 — 6 L (Q) and 

u" 

q n n 

for every ip G Cq(Q). 

In the case where I < 9 < 2, we are able to prove the same results as in the case 
< 9 < 1, under a stronger hypothesis on /. 

Theorem 1.3. Let I < 9 < 2 and p > 9 - 1. Assume that f G L m (Q), with 

2N , 

m > ; -, and satisfies 

~ 2N-6(N-2)' J 

ess inf{f(x) :i£w}>0 

for every u> CC fl. Then there exists a function u £ Hq(Q), strictly positive on Q, 
iVitl 2 

such that — 2 — G L 1 (f7) and 
u a 

b ( x ) „ „ n f |Vw| 2 /" . 

u on 
/or even/ tp G i^(ft) n 

Theorem 1.4. Let 1 < 9 < 2 and p > 9 - 1. Assume that f G L rn (Q), with 

N 2N a *• e 

— — 7T < to < — — -7— -7, ana satisfies 

2N-9(N-1) 2N-6{N-2) ! 3 

ess inf{f(x) : i £ w} > 

for every u CC £1. Then there exists a function u G Wq ,(t {£1), strictly positive on 
|Vu| 2 

Q, such that ■= — G and 



(1 + u) 

n an 
/or ewer?/ 93 G Cq(CI). 

N 

We remark that if 9 < we are able to prove the existence of solutions 

N — 1 

when the source / belongs to L 1 (J7). 

We would like to point out the regularizing effects of the lower order term, in the 
case where p > 9—1 and < 9 < 2. Our results furnish Hq (f2) solutions for less sum- 

_ 2N ' 2N 

mable sources than for problem ©, since 2N _ m + 2e < jv(1 -p) + 2(p + 1) ' 
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Even in the case where the source / is less summable, we get a better regularity 

, , • , r m . , , mN(2-e) Nm(l-p) 

oi solutions than lor problem (131): indeed a = — — > — ; r , as 

" N-dm ~ N -m(l+p) 

N 

m < — and p < 9 — 1. 
- 2 

In the case where O<p<0 — 1, we are able to prove the existence of a solution 
to problem ([T]) with the same regularity as the solutions of problem ([3]). 

Theorem 1.5. Let 1 < 9 < 2 and < p < 6 - 1. Assume that f G L m (£l) and 
satisfies 

ess inf{f(x) :i£w}>0 

for every wCCO. 

TV 

fij If m > — , then there exists a strictly positive Hq(Q) n-L°°(f2) solution to 

problem fip. 

2N N 

(2) If — — ^ — < to < — , iften i/iere errisfc a strictly positive i/g(fi)n 

Nm(l — p) 

L r (fl) solution to problem III), where r = . 

N — 2m 

N 2N 

(3) If ; r < to < ; -, then there exists a strictly 

{/ J N + l-p{N-l) N + 2-p(N-2)' y 

positive Wq' s (Q) solution to problem {IJ), where s — 
iVttl 2 

Moreover - — jj- £ L 1 (Q). 
u v 



N - m(l +p) ' 



In the case where 9 > 2, the situations changes. Indeed we will prove a non- 
existence result of finite energy solutions. Let Ai(/) denote the first positive eigen- 
value of 

{— Au = Xfu in 51, 
u = on <9f2, 

where / in L q (Q), with q > Using a result of [5], it is quite easy to prove the 
following 

Theorem 1.6. Let f > 0, / ^ 0, &e a L q (Vt) function, with q > f . // ej'tter > 2, 
or 9 = 2 and Ai(/) > -J^, £/ien £/iere is no solution to problem (Qp. 

2. A PRIORI ESTIMATES 

To prove the existence of solutions to problem (|T|) we use the following approxi- 
mating problems: 

/ b(x) \ u„|Vu„| 2 

" div i(i + iwi^ v,1 r 5 (ki + ir =T " (/) ' 

u n = on dil, 

where, for n G N and sGl 

T n {s) — max{— n, min{n, s}} . 
These problems are well-posed due to the following result proved in [6j [TTJ [12] . 
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Theorem 2.1. Let f be a bounded function. Let M : Q, x K — > be a 

Carathedory function such that there exist two positive constants ao an f3o such 
that 

M(x, S )Z-t>a \Z\ 2 , \M(x,s)\<[3 
for a.e. x £ £1, for every (s, ^) glx R*. Let g(s) be a Caratheodory function such 
that g(s)s > 0, |g(s)| < 7(5), where 7 is a continuous, non-negative and increasing 
function. Then there exists a Hq(£1) bounded solution to 

J-div(M(x, u)Vu) + g(u)\Vu\ 2 =/ in Q, 

u = on dfl . 



By Theorem 12.11 the solutions u n of the above approximating problems are 
bounded Hq(O) non-negative functions, since / is assumed to be positive and the 
lower order term has the same sign as u n . This implies that u n satisfies 

(6) { \(l+T n (u n ))P n ) K + i) e+1 nU> 

u n = on dVt. 

We are now going to prove some a priori estimates. The next lemma gives a control 
of the lower order term. 

Lemma 2.2. Let u n be the solutions to problems (0|). Then it results 

n n 

T (u ) 

Proof. Let us consider — r-^—, h > 0, as a test function in ([6]). We have, dropping 

h 

the non-negative operator term, 

f \Vu n \ 2 u n T h (u n ) f T h (u„) 

J {uu+ 1 -) e+l h -J 1 h ■ 
n n 

It is now sufficient to pass to the limit as h — > 0, using Fatou's lemma and the fact 
that _> 1 as h -> 0. □ 

ft 

We prove now two a priori estimates on u„ , which are true for every p > and 
G (0,2). In the sequel C will denote a positive constant independent of n; n{E) 
will be the Lebesgue measure of a set E c R w . 

Lemma 2.3. Let < < 2. Let f be a positive function belonging to L m (Q), with 
2N 

m > ; -. Then the solutions u„ to problems [W are uniformly bounded 

~ 2N - 6{N - 2) 

m -ffg(f2). Thus there exists a function u £ -/^(fi) smc/j i/ia£, up to a subsequence, 
u n — > u weakly in Hq(Q) and a.e. in Q. 

Proof. The assertion follows by proving that the solutions u n to problems ^ are 
uniformly bounded in Hq(Q). If we take (u n + l) e — 1 as a test function in problem 
(O we obtain 

B j drp*-'- + ^<- B l t~t^" + / + c • 

n n n 
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dropping the positive operator term. We can estimate the right hand side using ([7]) 
in order to get 



B 



By working in {u n > 1}, the previous inequality gives 
B 



VuJ' < / /< + C< 



ful + C<C 



f(Ur, 



C. 



{«„>!} 



{«„>!} 



{«„>!} 



We use the Sobolev inequality in the left hand side and the Holder inequality 
2* 

with exponent — in the last term, recalling that / belongs to L m (Q) with m > 



2N 



2N - 6{N - 2) 
(8) 



Thus 



S- 



.B 



(u n ~ 1) 



2* 



{u„>l} 



< 



B 



iv«»r <c 



\2* 



C. 



Since we are assuming 8 < 2, we deduce that 

K-i) 2 * <c. 



{«„>!} 



It follows from © that 
(9) 



|Vw„| 2 <C. 



{u„>l} 



Let us search for the same kind of estimate in {u n < 1}. Taking T\(u n ) as a test 
function in problem ([6]), we get 

IVTxMi 2 



(10) 



a 
2' J 



< a 



< / /TiK) < / / 



(1 +u n )P 

{ji„<1} {u„<l} f2 f2 

using hypothesis © and dropping the non-negative lower order term. As a conse- 
quence of estimates © and (I10[) . u„ is uniformly bounded in Hq (fl). By compact- 
ness, there exists a function u g -ffo(^) such that, up to a subsequence, u„ — > u 
weakly in Hq(H) and a.e. in 57. □ 

Lemma 2.4. Le£ < 9 < 2. Lei f be a positive function belonging to L m (fl), with 

N 2N 

< m < -rrz tttt — • Then the solutions u n to problems (0) 



2N-9(N- 1) 



2N-9(N -2) 



are uniformly bounded in Wq'^ (fl),a — — ^— — - — -. T/ius £/iere exists a function 



N -dm 

u G Wg 1,cr (f2) suc/i £/ia£, to a subsequence, u n — » u weakly in W Q '° (f2) and a.e. 
in f2. 



Proof. The assertion follows by proving that the solutions it„ to problems © are 
uniformly bounded in W^"{VL). Take («„ + l) e+2 T - 1, with 7 = - — - — — , as a test 
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function in problems ((6]). Note that 7 < 0: indeed 2* - dm' < and 2m' - 2* > 0, 

N 2* (2 -6) 

since m < — . Moreover, 9 + 27 = - — - — — > 0, as 8 < 2. Dropping the 
2 2m' — 2* 

non-negative operator term and using estimate ([7)1. we get 

B I |V ""' 2 9+1 ^K + i) 27+9 < / /K + i) 27+e + c. 



By working in {u n > 1} the previous inequality gives 
(11) 

B 



2T 



< 



2(7 + 1)2 / |v[K + ir+ 1 -2^+ 1 ]| 2 <| I |v w „| 2 K + i) 

{«»>1} {Un>l} 

| /K + i)^ +e + | /K + i)^ +fl + c< / f{u n + ir< +6 + c. 

{«„>!} {«„<!} {ii„>l} 



The Holder inequality on the right hand side and the Sobolev inequality on the left 
one imply 



(12) 



\{u n + 1) 7+1 - 2-> +1 f 



{u„>l} 



<C I \Vu n \ 2 {u n + lf< 

{«„>!} 



<c + c 



We remark that the choice of 7 is equivalent to require (7 + 1)2* = (27 + 0)m'; 
2 1 

moreover — > — , due to the hypotheses on m and 6. Hence 
2* to' 



(13) 



(u„ + 1)(t +1 > 2 * = / ( Un + i)( 2 t+«)™' < c Vn G N. 



{«„>!} 



{«„>!} 



\o\v. with u = — zt- 1 — „ ^ as in the statement, and recalling that 7 < 0, let us 



write 



N - 6m 



|Vfc L(, + 1) -,. 



{u„>l} 



{«„>!} 



(u„ + l)"^ 



The Holder inequality with exponent — and estimates (fT2")l and (| X3[) give 

(7 



(14) 



|Vu„| ff < 



{«„>i} 
2cr 



Vw„| 



{u„>l} 



K + 1)- 2 ^ 



(«n + l)" 7 ^ 



W>i} 



< c 



since —7 = (7+1)2*. It remains to analyse the behaviour of Vu n on {u„ < 1}. 

2 — (7 

Taking T\(u n ) as a test function in ((6|) and dropping the non-negative the lower 
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order term, we get 

{u„<l} {««<!} n n 

by hypothesis ©. This last estimate and (TT4")) imply that u„ is uniformly bounded 
in W ' a (Q). Since <j > 1, there exists a function u G W ' CT (f2) such that, up to a 
subsequence, u„ — > u weakly in W ' a (fl) and a.e. in fi. □ 

In the following lemma, we will assume some hypotheses on p. This will give, in 
some cases, some better estimates than Lemmata 12.31 and 12.41 



Lemma 2.5. LetO <p<l. Let f G L m (Cl), r = Nm ( l — 'Elands- Nm<yl P ^ 



N-2m N-m(l+p)' 
N 

(1) If m > — , the solutions of (0|) are uniformly bounded in i?g(f2) (~l L°°(f2). 

Thus there exists a function u G Hq(CI) f] L°°(Q) such that, up to a subse- 
quence, u n — >■ u weakly in _ffg (SI) and a.e. in fl. 

2N N 

(2) If — — 7— — — < to < — , the solutions of wV are uniformly bounded 

1 J N + 2 - p(N -2) ~ 2' J ^ J y 

in iJg(f2) l~l L r (Q). Thus there exists a function u G H^fl) n L r (Q) such 

that, up to a subsequence, u n — > u weakly in i?g(f2) and a.e. in fi. 

N 2N 

(3) If N+l-p(N-l) <m< N + 2-p(N-2) ' tHe SOluU ° nS ° f m ^ 
uniformly bounded in W ' s (ft). Thus there exists a function u G W ' s (Ct) 
such that, up to a subsequence, u n — > u weakly in Wq 1,s (S7) and a.e. in Q. 

Proof. In problems (J6]) consider as a test function the same test functions as in [9] . 
With this choice, the lower order term is non-negative and we can take into account 
only the term given by the operator. Therefore one can follow the same proofs as 
in [9] to get the above estimates. □ 



Remark 1. Let p > 9 — 1. Lemmata 12.31 and 12.41 give a further uniform estimate 
on u n than Lemma 12.51 Indeed, if one chooses u n as a test function in (JSJ, then, 
by hypothesis ([2]) 



\Vu n \ 2 



Bui 



(l+\Un\y K + i) 9+1 



< / fu r . 



If p > 8 — 1, the lower order term has a leading role in the left hand side of the 
previous inequality. 

We are going to prove the a.e. convergence of the gradients of u n . We will follow 
the same technique as in 0. Remark that a similar technique was used for elliptic 
degenerate problems in pQ. 

Lemma 2.6. Let u n be the solutions to problems (iSj) and u be the function found in 
Lemmata \2.3\. or \2.J\ or \2.5\ according to the summability of f . Up to a subsequence, 
Vitn converges to Vw a.e. in Q. 
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Proof. Let h, k > 0. In the sequel C will denote a constant independent of n, h, k. 
Let us consider Th{u n — T k (u)) as a test function in problems ([6]). Then 

b(x) r r |Y7 - |2 - 



(1 + T n (u n ))P 



Vu n ■ VT h (u n T k {u)) <h ff + B f ( lVU " l Z n +1 h 



By estimate ([7]) on the right hand side and by hypothesis © on the left one, we 
get 

Vu„ • VT h {u n - T k {u)) 



(l + T n (u n ))P 



< Ch. 



Then we can write 



/ 



|V(u„ - T k {u))\ 2 f V(u„ - T k (u)) ■ VT h (u n - T k {u)) 



{\u n -T h {u))\<h} 



(1 + U n )P 



(1+T„(u n ))f 



<Ch- 



At the limit as n — > oo one has 
lim sup 



Vr fc (u) ■ VT h (u n - T k (u)) 
(l + T n (u n ))P 

\\7T h {u n - T k {u))\ 2 



(l + u n )P 



< Ch. 



{\u n -T k (u)\<h} 

Since u n < h + k in {\u n — T k (u)\ < ft,}, we get 

(15) limsup [ \\7T h {u n ~T k {u))\ 2 <Ch(l + h + k) p . 

{\u n ~T k (u)\<h} 

We recall that u n is uniformly bounded in W ' v (fl), where rj equals 2 or a or s, 
according to the statements of Lemmata 12.31 12.41 and [231 Let q e (1,7?). We can 
write 

/, |V(u„-u)|« = 



y iv(«„-u)|9+ y 



\V(u n -u)\ q + 



\V(u n -u)\ q . 



{\u n -u\<h,\u\<k} {|u n -u|<fc,|u|>fe} {|u„— u|>h} 

Using the Holder inequality with exponent - on the first term of the right hand 
side and exponent ^ on the other ones, we have 

f |v(«„-«)|« < 



< c 



|V(w„ - u) 



{\u n — u\<h,\u\<k} 



-c 



fi({\u\ > k}) 1 ? +[i{{\u n -u\ > h}) 1 % 



where we have used that u n is uniformly bounded in Wq' v (£1) to estimate the last 
two terms. By (fT5|) the limit asn->oo gives 

limsup / |V(u„ - u)\ q < [Ch(l + k + h) v ]i + Cp({\u\ > k}) 1 ^^ . 
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The limit as h — > implies 



limsup / |V(u„ - u)\ q < C/i({\u\ > k}) 1 * 



n— too 

n 



At the limit as k —> +00, fi({\u\ > k}) converges to 0. Therefore Vu n — > Vu in 
L g (fl). Up to a subsequence, Vu„ — > Vw a.e. in f2. □ 

3. Existence results in the case < 9 < 1 

To prove the existence of solutions to problem ([T]), the key point is to prove 
that the function u found by compactness in the lemmata of Section [5] is strictly 
positive. In the case < < 1, we use a technique similar to that in [8]. 

Proposition 1. Let < 9 < 1. Let u n and u be as in Lemma WlA Then u > 0. 

Proof. We define, for s > 0, 

Jo Jo c 



-dt. 



a(t+±)' 

Observe that H is well-defined, since 9 < 1. We choose e~ BHn ( u '^ <fi, where <p is a 
positive C^°(f2) function, as a test function in (|6]). This gives 

/(TTOT v «»'^- M " ( "" ) -/w)- M " , -^ = 

SI f2 

= B J (l + T n (u n )) P e } Wu n \tH n (u n )-Bj a+Un)e+1 * 



e -Bff„(„„)| VUn |2 Mj) 



S2 



by hypothesis ([2]). The last quantity is positive, due to the choice of H n and <j). As 
a consequence 

fTT¥7 ^ ^.V^- M -W> [ Tn (f)e- BH ^U> [T^e-z^U- 
(l+T n [u n ))P J J 

S2 OO 

Now, we set 



e -BH n {t) j-s e -BH(t) 



P n (s) = / rr^dt, P(s)= / —dt. 

nK ' Jo (l + T n (t))P w J (l + t)P 

With these definitions, we remark that we have just proved that the inequality 

-div(6(x)V(P„K))) > Tl (f)e- BH ^ 

holds distributionally. Observe that for every n G N, P n {u n ) G ^o(^)) smce -^n 1S 
bounded and u n G H^fl). Let 2„ be the H^ft) solution to 

-div(b(x)Vz n ) = T x (J)e~ BH ^ ; 

let z be the Hq(H) solution to 

-div(6(x)Vz) = T 1 (/) e - SH(u) . 

Then 

-dxv(b(x)V(P n (u n ))) > -div(b(x)Vz n ) . 
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The comparison principle in Hq(Q.) implies that P n (u n (x)) > z n (x) for a.e. i£fl. 
Up to a subsequence, z n — > z weakly in Hq(Q) and a.e. in Q. At the limit a.e. in 
f2, as n — > +00, we have P(u) > z. By the strong maximum principle z > and so 
P(u) > 0. Since P is strictly increasing, u > in VL. □ 

IVul 2 

Corollary 1. Let < 6 < 1. Let u n and u be as in Lemma \2. 6[ Then — -g— £ 



L\n). 

Proof. We pass to the limit in ([7]). The a.e. convergence of u n to u (see Lem- 
mata [2T3l 12.41 and I2.5[) . the a.e. convergence of Vw„ to Vw (see Lemma f2.6|) and 
Proposition Q] imply 

Bf™<h 



by Fatou's lemma. □ 

We are going to prove Theorem ll.il 

Proof. We are going to prove that the function u found in Lemma [2~3l and studied 
in Lemma 12. 61 Proposition [T] and Corollary [TJ is a weak solution to problem JT]) . 
We use the same technique as in [5]. 

We will prove that Q holds true for every positive and bounded ip € Hq(Q). 
The general case follows from the fact that every such function ip can be written as 
p + — ip_ with ip± bounded, positive and belonging to H^fl). 

We pass to the limit as n — > oo in 

b(x) f \Vu n \ 2 u n 



/ 



where ip is a positive bounded //q(Q) function. Regarding the first term we observe 

b(x) b(x) 

that — ^—Vp strongly converges to r~^P in L 2 (Vt) and Vu„ weakly 

(l + T n (u n ))P {l + u)P 

converges to Vm in L 2 (S1). For the second one we use the a.e. convergence of Vu n , 



proved in Lemma 12.61 Fatou's lemma implies 

, . f b(x) f \Vu\ 2 f 

(16) J^Vu.Vp + B J^p<J fp. 

n n n 

The proof of the opposite inequality is more delicate. To this aim, we define, for 

n£N and s > 0, 

Vo «(s + Jo as" 

Hq is well-posed, since < 1. Let us consider 

-Hi («,) Hi (!>(«)) 
v = e n e j i/3 , 

where j € N and y> is a positive bounded Hq(£V) function, as a test function in 
Then 

b{x) _ -Hi («„) Hiffi-W) 

■Vu„ • V(/3 e e 3 



(1+T n (u n )) p 
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B f b(x) -Hi(u n ) ffiffi(«))VvVI>), T , 

a 7 (1 + T„(u„))p + ±) e 

_ , „ -Hi (u„) ffi(T,-(«)) B /" 6(x)|Vm„| 2 (l + it n ) p -BiK) ffiffiW) 

™ )E S 6 ^ V+ a 7 (1 + T„K)) M I +M „)^ e ^ 6 ' 

n 

- s y (XT^n e 5 e 3 



Note that by hypothesis (J^J) and inequality 



> 1 > 



i + r„(u„), 

the sum of the last two terms is non-negative. At the limit as n — > oo we have 
f b{x) ^ „ _ ffn(u) HifiM) 

7 (l + u)P 

o 

J a J u e 

a a 

D /• |Vu| 2 _ H (u) fliffiW) 
-B / - — ^-e a °We i v 3 , 



using the weak convergence of u n to u in -ffg(^) i n the left hand side and Fa- 
tou's lemma in the right one. Now we pass to the limit as j — > oo, using that 

„ , Hi (T, (u)) _ 

e -H (u) e ? v < j and Corollary E We obtain 

Q On 

Inequalities (fT6|) and (fT7| imply that 

^ „ „ /" |Vw| 2 /■ 



(1 + 

S2 S2 S2 

for every positive and bounded <y9 6 /fg(f2). □ 

We are going to prove Theorem 11.21 

Proof. We are going to prove that the function u found in Lemma 12.41 and studied 
in Lemma 12.61 Proposition [1] and Corollary [I] is a weak solution to problem {1} . 
We use the same technique as in [TIJ [3T] . 

We first prove (0 for every positive Cg(fi) function ip. With the same argument 
as in the previous theorem (i.e., using Fatou's lemma) one can prove that 

< 18 » /(TT^ V »' V «' + B /^ S /^' 
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To prove the opposite inequality, we slightly modify the previous proof, since we 
no longer have uniform estimates of u n in Hq(TI). Observe that, however, Tk{u n ) 
is uniformly bounded in Hq (fl). Indeed, it is sufficient to consider T k (u n ) as a test 
function in ©: we obtain 

|VT fc (u„)| 2 < Ck(l + k) p Vn G N 

{u n <k} 

by hypothesis We will use, for k e N and set 

[ 1, s < k 

Rk{s) = I k+l-s, k<s<k + l 
{ 0, s > k+1, 

to define a test function. We set, for t > 0, 



This is possible, since 9 < 1. We consider 

-H i («„) 

« = e s e 3 R k {u n )(p, 
where </? is a positive Co(f2) function and j <E AT, as a test function in ([5]). Then 

-Vun-Vipe <* e i ti k (u n ) 



(1 + T„(u„))p 



- e j — " (Tj(tt) + l) p i? fc K0 



(1 + T„(n n ))p r ( T .( w ) + i)6 

o J 

{l + T n (u n ))P' 

Hl(TjW) n , , 

« e j Rk(Un) 



T n (J)e » e i (pR k (u n )+ / — TT^ e " e ' 



{Ku„a+i} 

S /" 6(V)|Vw„| 2 (1 + u„) p -Hi( u „) HifTjCt.)). 



(1 + T„«))P (±+0 6 
a 

The sum of the last two terms is positive, since b{x) > a by hypothesis ([2]) and by 
inequality 

u„ + 1 \ p u n 
1 > 1 > 



,, . ., . , b{x)\Vu n \ 2 -H x {u n ) H L (T 3 (u 3 )) 

Dropping the non-negative term / — —ipe e j , 



l+T n (u n )J u n+ r \ 

b(x)\Wu„ 
J\ + Tj^ n ))p'' 

{fc<u„<fc+l} 

at the limit as n —> oo we have, by Fatou's lemma, the weak convergence of u n in 
Wo (ft) and the weak convergence of Tk(u n ) in Hq(Q), 



b(x) 



(1 + u)p 



■We- H ^e H ^ Ti{u)) R k {u)+ 
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> 



/e HoW e 3 ipR k {u) + — / yi <pe M ° w e 3 i? fe (w) 



n n 



--B / J — ^-e 



V "l -Hn(u) H i( T i(«)) D / \ 



<> 



As in the previous proof, it is now sufficient to pass to the limit as j — > oo first, 

-HI \ Hl ( T i( u )) m 

using that e "'We ~ < 1 and Corollary[TJ and then to the limit as k — >• oo, 

using that Rk(u) tends to 1. We thus obtain 

a on 
Inequalities (TTg)) and (TiUl) imply that 

n n si 

for every positive ip G Cg(f2). Now, let 93 any Cg(f2) function. We define <p± — 
p £ * ip± as the convolution of a mollificr p e , for e > 0, with yp±. Then is a 
positive Cq(O) function, for e sufficiently small. By (|20]) we have 

n n n 

Since tpi — <ysl — >• <p uniformly in Q, and in Wj' 9 (f2) for every g > I, as e — > 0, the 
result follows. □ 



4. Existence results in the case I < 6 < 2 

As in the above case, we need to prove that the function u found in Section [2] is 
not in Q. To this aim, we are going to prove that for every u) CC £1 there exists 
a positive constant c w such that the solutions u n to problems ([6]) satisfy u n > c w 
in uj for every n G N. We will follow a similar technique to that one in [5]. The 
following theorem, proved in |18j (and in [5]), will be useful to us. 

Theorem 4.1. Let B : xM — >H be a Caratheodory function such that for every 
uj CC fl there exists m u > such that B(x,s) > m u l{s) for a.e. x £ and for 
every s > 0. Assume that I : M + — >• M + is a continuous increasing function such 
that l(s)/s is increasing for s sufficiently large and for some to > 

f + °° dt 

(21) / < +00. 



Jo ^( s ) ds 

T/jen /or every w CC O £/iere exists a constant C u > swc/i that every sub- 
solution v G Hl oc (il) of — div(b(x)Vi>) + B(x,v) — smc/j i/iai v + G L^ c (fi) and 
B(x,v + ) G L ; 1 oc (r2) satisfies v < C u in uj. 
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Remark 2. We recall that a sub-solution of — div(6(ir)Vi;) + l(v)g(x) — is a 
W; o ' c (0) function such that 

b(x)\7v ■ V(j> + / l(v)g(x)(f> < 



for every C^°(i7) positive function <j>. 

Remark 3. In the literature condition (|2"Tj) is called the Keller-Osserman condition, 
due to the papers |17[ 119] on semilinear equations. 

Proposition 2. Let 1 < 9 < 2. Let u n be the solutions of (0J). Then for every 
w CC n there exists a strictly positive constant c u such that u n > c u in uj for every 

neN. 

Proof. Step 1. Let u n be a Hq(SI) Pi L°°(f2) solution to ((6]). We perform a change 
of variable in order to get a sub-solution of an elliptic semi-linear problem, as in 
Theorem 14.11 

We set a n (s) = 7- ^ . .. . Then u n satisfies, distributionally, 

-div (b(x)a n (u n )Wu n ) + — dVuJ 2 > T x (/) , 

that is, 

(22) - div(6(x)Vw n )a„K) - a' n (u n )b(x)\\7u n \ 2 + ^|Vu„| 2 > Ti{f) . 

Let k n (t) = / — t — rrd r and V'n(s) = / e~ kn ^a£ (t)dt . We remark that 
J ± ar^anXr) J s 

(23) < W = -„! W e-«.), 
We define u n = ip n (u n ). Then 

div(6(x)Vu„) = div(&(x)V4(un)Vu„) = -0^(u„)div(6(a;)Vu„) + 6(a;)'0"(u n )|Vw„| 2 
and therefore 

, x ,. /, / N _ s , N div(6(:c)Vi; n ) . . . ,ip''(u n ) 2 
~a n {u n )div(b(x)\7u n ) = ~a n (u n ) — — h a n (u n )b(x)— — — -\vu n \ . 

Vn( u n) Vn\ u n) 

By inequality (|2"2"|) we have 

T X (J) < -a n (u n ) dW{b ^ )VVn K a n (u n )b(x)^ 
ib"(s) 

Using that a'(s) < 0, , , , < and hypothesis © we obtain 

V4( s ) 

W n {Un) Vn( u n) < 



Due to 

div(6(a;)Vw n ) 



Ti(/) < 
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Observing that ijj' n {s) = — a 7 ° (s)e~ fe "W < 0, v n satisfies 

> -Aw{b{x)yv n ) + T l {f)er k ^ 1 ^a^-\^-\v n )) . 
Step 2. We now study, for s > 

We remark that , 0~ 1 (s) < 1, since s > = ?A n (l) and ip n is decreasing. Therefore 

(24) a|" 1 (V^ 1 (s))>a|" 1 (l) = a , 

as a n is decreasing. 
Recalling that 

Ms)= e- k - (t) a^(t)dt, k n {t)= dr 
Js Ji ar H a n (r) 

and 

a n (s) = oi(s) , s < 1 
a„(s) < ai(s) , s > 1 
it is not difficult to prove that 

(25) Vn(s)>^lO), 

distinguishing the cases s < 1 and s > 1. Now, inequality ([23)1 and the fact that 
ip n is decreasing imply that ip^ 1 (s) < ip^ 1 (s) for every s > 0. Recalling that 
V'n 1 ( s ) — 1 an d a>n{s) — ai(s) > for s > 1, we deduce easily that 

(26) g-MVv 1 ^)) > g-tiWr'W) _ 

Due to (f!M|) and ([2"B)) . w n satishes 

> -div(6(x)Vw n ) +B(x,w„) 

with 

lX ' SJ ~ \ 0, s < 0, 

where l(s) = e - fcl * 1 ( s » - f , s > 0. 

S'iep 5. We are going to prove that / satisfies the hypotheses of Theorem 14.11 
We observe that / is continuous and increasing, since ip^ 1 is decreasing and k\ 

is increasing. We claim that l{s)/s is increasing for s sufficiently large. This is 

equivalent to prove that Y(t) — is decreasing for small positive t. Now, 

il>i(t) 

Y'(t) < if and only if 

(27) i'(Mt))Mt)~ f i'(tM*M(*)*»>o. 



We remark that l'(ipi( s )) — j ■ Let wq e (0,1) be such that h(t) 

as e a^ (s) 

l'(ipi(t)) = s is decreasing in (0, wo]. Therefore 

at e af + \t) 



t rl 



l'(Mt))Mt)- / l'(MsWi(s)ds= / e- fcl «af (s) [h(t) - h(s)] ds 
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> [ e- kl(s) a'f{s)[h{t)-h{s)]ds 

J w 

due to the choice of wq. Let 

M i = f e' kl( - s) af(s)ds, M 2 = f e" fcl «af (s)h{s)ds . 

J WQ Jwq 

We have proved that 

l'(Mt))Mt) - J l'(MsMi(s)ds > M x h{t) - M 2 . 

If t is sufficiently small, the last quantity is positive, since h is decreasing for small 
positive t. Therefore (|27|) holds. 

We are going to study the last condition on I, that is, the existence of a positive 
to such that 

(28) / + °° . = <oo. 

Using the change of variable r = ^pi 1 (s) we get 

l(s)ds = f [e-^Wr'W) - l]ds = [ [e~ fcl(T) - l]af (r)e- fcl(r) dT. 

Jo JiPi 1 ^) 

It is easy to see that e~ kl ^ — 1 > —e~ kl ^ for t < To sufficiently small. Moreover 

cji(t) > for t < 1. Therefore it suffices to find to sufficiently large (to > ipx(ro)) 
such that 

r+co dt 

< oo . 



The last integral can be estimated, using the change w = tp^ 1 (t) and the fact that 
a>i(s) < 1, in the following way: 

ip[{w)dw _ e' k ^af{w)dw dw 



^~ 1(to) V $le~ 2kl[T)dT yf w e ~ 2kl{r)dT yfw° e 2 [ fc i(™)-Mr)]dT 

where wo is chosen in such a way that k[ is decreasing in (0, wo]. We observe that 
J \j k'i(t)dt < oo, as 9 < 2. Hence it suffices to prove that there exists a strictly 
positive constant c such that 

k[(w) / e 2 ^^- k ^dr>c. 

Now, since fc^r) is decreasing in (0,wo\, 

k[(w) e2[*i(™)-*i(r)] dT > / fc /( 7 .) e 2[fci(»)-*i(r)] dT= i_i e 2[fc 1 (™)-* 1 (» )] < 

Jw Jw 2 2 

Observe that e 2kl( - w ^ — > as w — > 0, since fc q (u>) = / — » — r^di — >• — oo as 

n ' J 1 at e ai {t) 

w — » 0, by hypothesis 6* > 1. Therefore (|2"5)l is proved. 

S'fep ^. Theorem 14.11 applies and gives, for every u> CC £1, the existence of a 

constant C w > such that v n < C u . Recalling that tf) n (s) > ip\(s) by (|2"5j) . we have 
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C u > v n — ipn(u n ) > tpi(u n ). Since ipi is decreasing, u n > tp 1 {CJ) = c w > in 
every u> CC f2. □ 

|Vu| 2 

Corollary 2. Let 1 < 9 < 2. Let u n and u be as in Lemma UUjl Then — r— 6 
L x (fi). 

Proof. As in the proof of Corollary [TJ we pass to the limit in Q using the a.e. 
convergence of u n to u (see Lemmata 12 . 31 |2"~H and 12 . 5l) . the a.e. convergence of Vu„ 
to Vm (see Lemma |2~!B|) and Proposition^ □ 

Corollary 3. For every w CC there exists a positive constant such that 



< c u V x E id . 



Proof. It is sufficient to observe that in every subset uj CC fi 



Un ,1.1 

< — ?r < ~tt = A 



since u„ > > in to by Proposition [21 □ 

As in [5] we prove the strong convergence of Tk(u n ) in Hl oc (Q). This will be 
used to compute the limit of the lower order term in problems (JU). 

Lemma 4.2. Let u n be the solutions to problems and u be the function found 
in Lemmata \2.Si \2~~%\ EH Then, up to a subsequence, T k (u n ) T k {u) in Hf oc (Q). 

Proof. We are going to prove that 

lim f \V{T k {u n )-T k {u))\ 2 4> = 



for all positive cf> e C£°(fi). Let ^a( s ) = se As2 , A > 0. As in [TT], we will consider 
as a test function Lf\(T k (u n ) — T k (u))(p, where A will be chosen later. In the sequel 
e(n) will denote any quantity converging to 0, as n — > oo. From © we get 
(29) 

(1 + T n (u n ))P 

- — u^ yAiTfcK) - T k {u))<j) 



+B 

b(x) 



Vw„ ■ V4>Lp\{T k (u n ) - T k {u)) + / T n (f)ip x (T k (u n ) - T k (u))4> 



(l+T n (u n ))P 

it Si 

It is not difficult to prove that 

T n (f)<p x (T k (u n )-T k (u))4>^0, f b ^ Vu n -V<P^ x {T k {u n )-T k (u)) -> ; 

7 (1 + T„(w„))p 

as n — ^ oo. Indeed for the first limit one can use the Lebesgue Theorem. For the sec- 
ond one it is sufficient to observe that Vu n converges weakly in some Sobolev space 

! x ) 

given by the statements of Lemmata l2.3l[2T4l and [2~5l and — — V</> cp\(T k (u n ) — 

(1 + T n (u n ))P 

T k (u)) is uniformly bounded with respect to n. 
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We are going to treat the left hand side of ((29]). We choose u;^ CC SI, with 
supp0 C ujj>. Then 

B ( Un ^ n l v x (T k (u n )-T k (u))cl> > -B^ [ |VT fe M| 2 |^(T fc M-T fe (u))|^ 

by Corollary H We deduce from {25) that 
b{x) 



(30) 



(l + T n (u n ))P 



Vu„ • V{T k {u n ) - T k (u))tp' x (T k (u n ) - T k (u))(j> 



n 

-Bc^ J \VT k {u n )\ 2 \ip x {T k {u n ) - T k {u))\4> < e(n) . 
h 

We remark that 

(l + T^i ))p Vu " ' V ( Tfe ( M «) ~ 7fe(u))(p' A (T fe (M„) - T k (u))(p = e(n) . 

{u n >k} 



Hence inequality f|30|) is equivalent to 

b(x) 



i 7 - , nn^ Vu " • V(T fe (u n ) - T k {u))if' x (T k {u n ) - T k {u))(j> 
(1 + T n (u n ))P 

(31) {"^ fc } 

-Bc<^ / |VT fe K)| 2 |^A(r fe K) - T k {u))\<f> < e(n) . 
h 

Remark that 

VT fe (u)-V(T fe ( U „)-T fc ( U ))^(T fc K)-T fc ( M ))0^O, n- 



(1 + T„(u„))f 

{u„<fe} 



Adding the above quantity in both sides of (|31l) we get 

b(x) 



(1 + T„(u»))* 

{u n <k} 



V(u n - T k (u)) ■ V(T k (u n ) - T k (u))ip' x (T k (u n ) - T k {u))(j) 



B~c^ / \VT k {u n )\^ x {T k {u n )-T k {u))\cj><e{n). 



By hypothesis © on b, we obtain 



a 



-|V(T fc (u„) - Tfc(u))| ip' x {T k (u n ) - T k {u))4> 



(1 + fc)P 1 

-Be*,,, J \VT k {u n )\ 2 \^ x {T k {u n ) - T k (u))\<t> < e(n) . 
h 

It is easy to prove that 

\VT k (u n )\ 2 \^ x {T k (u n )-T k (u))\q> < J 2|V(T fc K)-T fe (M))| 2 |^A(T fc K)-T fc ( U ))|0+e(n). 

{u n <k} 
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We deduce from (f32|) that the quantity 
(33) 



{u„<k} 



(l + fe> 



-<p' x {T k {u n ) - T k (u)) - 2Bc M \ip x {T k (u n ) - T k (u))\ 



\V{T k (u n )-T k (i 



tends to 0. Now, p x has the following property: for every a,b > 0, atp' x (s) 
a b 2 

b\ip\(s)\ > — if A > — r. Therefore there exists A > such that 
2 4cr 

-y x (s)-2Bc u Ms)\ > — a — VsGR. 



(l + fc)P^ AV ; ^ irA * " " 2(l + fe)P 



Applying this inequality to the quantity ([33]), the statement of the theorem is 
proved. □ 

We are now going to prove Theorems 11.31 and 11.41 in a unique proof. As we will 
see the only difference is the choice of the test functions ip. Theorem 11.51 can be 
proved with the same technique. 

Proof. By Lemmata 12.31 and 12.41 the solutions u n to ((6|) are uniformly bounded in 
-ffo(£!) an d Wq" {£1) respectively; moreover Vu„ converges to Vu a.e. in f2 up to a 
subsequence, by Lemma l2.6l The solutions u n satisfy 

b(x) f |Vu„| 2 u„ 



(i + r.K))' V - ■ v " + B l ' J ™ )v ' 

For the proof of Theorem 1 1.31 we consider for ip a bounded Hq(£1) function. For the 
proof of Theorem ll.41 ip is a Cg(fi) function. To compute the limit of the first term 
in the case where u n weakly converges to u in H£(Q) (Theorem [T3} it is sufficient 
b(x) _ 

to use that 7—7777 — rc^V? strongly converges to -— — — V<p in ( J L 2 (fi)) Ar for 
(1+T„(u„))p (1 + u)p 

every ip S i?o(^) nL°°(fi). In the case where u n weakly converges to u in Wg 1,<7 (f2), 

with cr < 2 (Theorem II. 4t . one uses that 7 — rr-V(^ strongly converges to 

(1 + T n (u n ))P 

b{x) ^ , Trtrt ^ N 



Vip in (L r (n)) N for every r > 1 and for every 9? 6 C^fi). 



(1 + 

|VwJ 2 u 



To compute the limit of f — ■ —„ — ^—^p we will use the same technique as in 

J K + 7r) 1+e 



Then 



\Vu n \ 2 u 

(Un + i) 



V (jL La/ 

[5]. We are going to prove that — " g is equi-integrable. Let BCCwCC O. 



|Vli„| 2 W„ /" |VM n | 2 U„ , /" \Vu n \ 2 U n 



£n{«„<t} _En{«„>fe} 



<c w / |VT fc (w„)| 2 + J 



\Vu n \ 2 U r , 



Bn{ti„<fe} {u n >k} 

where we have used Corollary [3] to estimate the first term. Now, if we choose 
Ti(u n — T k ^i(u n )) in problems © we have, dropping the non-negative operator 
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term, 



\Vu n \ 2 u n 



(34) B J (trj)^ s J ' 

{u n >k} {n„>fc-l} 

C 

Observe that there exists a constant C > such that n({u n > k — 1}) < -, as 

u n are uniformly bounded in L 1 (f2). This implies that the right hand side of (|34j) 
converges to as k — » oo, uniformly with respect to n. We deduce that there exists 
k > 1 such that 

< 35 > / sfrr^s v„cn. 

{n„>fc} ™ 

Moreover, since Tk{u n ) — > Tk(u) in Hl oc (il) by Lemma T4.21 there exist n E ,o" e such 
that for every E CC fi with < <5 e we have 

/" |VT fc ( Un )| 2 = J\VT k (u n )\ 2 < JL- Vn>n £ . 

En{u n <k} E 

This and (1331) imply that ^ Un I — !L_ j s equi-integrable. Now, recall that — " I u " 

K + -) 1+e K + -) 1+e 

iVul 2 

converges a.e. to — 5 — , belonging to L 1 (fi) by Corollary [5] By Vitali's theorem 
we have the result. □ 

5. A NON-EXISTENCE RESULT IN THE CASE 9 > 2 



We are going to prove Theorem 11.61 about the non-existence of finite energy 
solutions to problem ([lj when 9 > 2. We will use the following result of [5]: 

Theorem 5.1. Let M(x,s) be a N x N matrix whose entries are Caratheodory 
functions ra^ : Q x K — > R, /or every i,j = 1,...,N. Assume that there exist two 
positive constants ai,j3i such that M(x, s)£ ■ £ > c<i|£| 2 and |M(x, s)| < /3i /or a.e. 
x G f2, and for all (s,£) G R x R^. Le£ g : fi x (0, +oo) ->• R+ fee a Caratheodory 
function such that for some constants So, A > and 9 > 2 it holds 

g{x,s) > ^ V s G (0, s ] ■ 

Le£ / > 0, / ^ 0, fee a L q (D,) function, with q > y. J/ one o/ i/ie following 
conditions holds: 

(1) 9 > 2 

(2) 9 = 2and\ 1 (f) > fe, 

then there is no H^(fl) solution to problem 

j -div(M(x,u)Vu) + g(x,u)\Vu\ 2 =f into, 
I u — on dfl. 

Proof, (of Theorem ll.6|) By the change of variables 

V- 1 

ln(l + u) , p = 1 , 
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2:S 



problem (p} is equivalent to 

f-div{b{x)Vv) + Bg{v)\Vv\ 2 = / in Q, 



(36) 
with 



on dtt, 



[1 - (p ~ l)s] 



g( S )=l ({l-(p-l) S }— -1) 



e 2s 



p = l. 



(e s - l) e ' 

It is easy to prove that g(s)s 1, as s — > + . Hence for every fixed < e < B 
there exists s e > such that Bg{s) > for every s S (0, s e ]. Theorem 15.11 

therefore applies to problem (|36| . We deduce that there is no Hq(£1) solution to 
problem {36) if cither > 2, or 6 = 2 and Ai(/) > (B f e)a , for every < e < -B. As 
a consequence there is no -ffo(fi) solution to problem (fTJ) if either > 2, or 6* = 2 
and Ai(/) > □ 
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